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Abstract

levels and vortex states.

INTRODUCTION

In order to resolve the strong CP problem in QCD
theory, Peccei and Quinn postulated a new spontaneous
breaking of global U(1) symmetry [1]. Subsequently,
Weinberg and Wilczek pointed out that this fact would lead
to the existence of a new particle [2-3], this light neutral
boson was called axion. Preskill and Abbott et al, discussed
the application of axion in cosmology by the improving
mechanism [4-6]. Axion is one candidate of the dark
matter, and it may produce in the QCD transition at early
universe. The axion field energy density decreases with the
expansion of the universe, when the cosmic temperature is
reduced to a certain temperature, then the hot axions will
evolve to the cold axions in the late universe, which can
form Bose-Einstein condensate in various forms.

Axion also plays a special role in string theory, this
superlight axion can be used as a new probe tool to test
string theory. Svr’cek and Witten recalculated the relation
of axion mass m and decay constant fa and they found m to
depend on the mass of quarks u, d and pion [7]. Moreover,
the decay constant fa can be derived from string effective
action, the magnitude of f* is above 10 ~ 1017 GeV and it
very close to the GUT scale. This means that allowed to
exist a very light axion (107° eV), and the mass of QCD-
axion with high energy breaking scale can match the mass
of stellar mass black hole.

Arvanitaki et al., discussed some observational effects

The superfluid axion equations on the rotating black hole background are derived
in this paper. When axions absorb the energy of gravitational wave radiation from
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the quantized black holes, then these axions can form the different energy levels and
vortex states. We calculated the particle number densities and total mass of axions
around Kerr-Newman and Kerr-Sen black holes. Moreover, the gravitational wave
radiation frequencies of superfluid axions are also calculated in the different energy

of axions around a astrophysical black hole [8-10],
when Compton wavelength of axion matches with the
Schwarzschild radius of a black hole, the axion cloud can
form superradiant bound states through extracting black
hole mass and angular momentum. Here, the amplified
mechanism of axion field play a key role to produce an
exponentially growing bound states, these unstable axions
may emit gravitational waves from different energy levels
transitions. Moreover, Mocanu and Grumiller analysed
collapse process of axion cloud according to particle
number change and self-organized criticality [11], they
found that nonlinear interaction of the bosons could cause
the sudden collapse of axion cloud and bring out some
Bose-nova explosion, this event can also release axion
energy and engenders the gravitational wave radiant
effect. Yoshino and Kodama also studied the nonlinear
character of Bose field and numerically simulated the
collapse process of axion, their research showed that Bose-
nova can happen and this phenomenon is the result of the
superradiance instability [12-13].

Mielczarek et al analyzed BEC condensation of axions on
the galactic scale [14], they used an analytical method for
explaining the shapes of galaxy rotation curves, and found
the axion mass can impact on the dark matter composition
way. Only ultralight axions can form large scale structures,
but relatively light axions will constitute small scales
matter structures. In additional, quantum vortexes in
superfluid axions have a unique property, that they can
distinguish different types of dark matter, the rotation of
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condensed matter is a fountainhead of vortex occurrence
[15-16]. Meanwhile, the axion vortexes may also generate
primordial angular momenta of early galaxies.

In the previous work, we have studied the density
distribution of BEC axions on the different black hole
backgrounds [17], and discussed the impact of chemical
potential p to the axion density. We found that y > 0
describes a high density superfluid state, and pu < 0 is
corresponding to a low density normal state. In this paper,
we will study the axion density distribution around the
quantum black holes, those axions can exist in the form
of superfluid state with vortex structure. When axions
absorb the energy of gravitational waves from black hole
radiation, then the axion density will increase and occur
transitions from high energy level to low energy level.
At the same time, axions will radiate gravitational waves
again. Moreover, with the rise of temperature, axions will
undergo a phase transition from superfluid state to normal
state. In this process the axion’s particle density will have a
great change and lead to axion radiate gravitational waves
too.

Superfluid axion equations on the rotating black hole
background

We assumed that axions can produce BEC condensation
around a black hole, then motion equation of the axions can
be expressed by the following Gross-Pitaevskill equation
(GPE) in the curved space-time

o h:
ih— = ViV
" it [ 2y, H

)+ gut, (1)

where the mass of axion is m,, ¥, ¥* are the axion wave
functions, V (r) is the interaction potential, u represent
the chemical potential, g™ is the coupling constant. For the
weak coupling axions, we can ignore the nonlinear term.
If the wave function will not change with time, then the
metric g is time- independent, after taking the nature units,
then the static GPE will become

Vi = 2m,(V — p)d. (2)

In atomic physics, V' (r) in the G-P equation is taken to be
an external harmonic trapping potential, mean-field self-
interactions can also be described by V (r). In general case,
this potential term cannot allowed transition frequencies
of the system, but for an electron-phonon system in a
quantizing magnetic field, the energy spectrum is discrete
and it can be expressed by the quantum number n of
the Landu level [18]. From the point of view of quantum
theory, electrons absorb the energy of electric field,
which is equivalent to realizing the transition of electrons
between Landau energy levels. Moreover, in the spinor

BEC model, there is the Zeeman energy E, shift caused by
the constant magnetic field, where the quantum number n
=1,0,-1 means that the atom is in different energy levels,
and the particle numbers on the three energy levels are
also different [19,20]. In this paper, since the radiation
frequencies w_ of gravitational wave depend on the
quantum number n of area change, and the frequencies w_
are similar to the constant Zeeman energy shift, so the wave
function and particle number are related to the quantum
number n, the distribution of axion number in each energy
level is different. In this case, when the axions absorb the
energy of the gravitational wave from the black hole, they
can form different energy levels and the transition process
can produce.

The axions interaction is very weak in the early
universe, their typical initial wavenumber is about
B ~ Hgcp ~ 107'eV, where is the Hubble parameter at the
QCD phase transition [21], so the axions are highly non-
relativistic after phase transition. In addition, the speed of
the axions in a galaxy can be expressed as 1, ~ 1/(m.Ry), R
is the observation distance of the galaxy [14]. When typical
observed value is taken as R =10hps , axion mass is m =
10~"°eV, then we got the speed V_ ~_ 10~7 m/s. Therefore,
the speed of the axions in the galaxy is very low, the
non-relativistic G-P equation (2) can be used to describe
the motion of light scalar particles in the astrophysical
environment [22], so linear G-P equation (2) becomes the
start point of our following studying. The distribution of
axions around different black holes can be determined
by different form metric g, we will calculate and compare
the particle number densities and gravitational wave
frequencies of the axions in the Kerr-Newman black hole
and the Kerr-Sen black hole backgrounds.

The Kerr-Newman metric can be written as

2 _ (1 2GMr—AmGQ?y 52 | r?+a’ cos? § 2 2, 2 2 2
ds? = —(1— = ira g )dt e rens T dri+(r :ra cos? §)db* +
2 9y -2 (2GMr—4rGQ?)a? sin* 4 3 222G Mr—4nrGQ?)a? sin® 4
[(r* + a®)sin® A + Tl 0?8 ldo® — T e dtdo,

3)
where M is the mass of black hole, a = J/M , ] is the spin
angular momentum, Q is the charge. Substituting the metric
(3) into Eq.(2), we obtain the wave function equation

AZY (2 2GM)ZE 4+ EE reot0 3 + (ks — ) 8% —20ma (Vv = 0,

()
where V = w_ are radiation frequencies of gravitational
wave, A = r? + a? + 4 TGQ*2GMr and p? = r* +a® cos?$, the
form of this equation is similar to Teukolsky equation
[23], but the physical meaning is different, this equation
describes the non-relativistic motion of the axions around
arotating black hole.
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We take the axion wave function ¢ as

G(r,0,0) — F(r)S(@)em™, (5)

Eq.(4) can be separated to two equations

2

£+ E2OME () 4 (S Imeluamri Oy g

(6)

o EsindL5(0) + AV - 2 -

sin

2m,(w, — p)a’ cos’ 8)8(8) =0,

M
where A® is the eigenvalues of spin-weighted

spheroidal functions [24,25] and it has the following
expansion formula

Afl) = Z -?flnm(aw[lj)n{: (8)
when spin § =0, the low order coefficients are

fi?'n = ‘I(‘E + 1)?fhln - U;ffm = h(_[+ 1) - h(”;

where

hien)=E-m)

20 -3)7
There w® = /—2mq(w, —p), the angular quantum

numbers [ and magnetic quantum numbers m can describe
the vortex structures of the BEC axions. If axions form
vortex states around some black holes, then these excited
vortexes are corresponding to different axion densities.
Let us define GM = r_, then radial equation can be taken as
the following form through the coordinate transformation

=r/r,

o M (5 -

@

Al gL p(D)
A8mB0) o,

(10)

where ;2 — a/rl, ¢ — 47GQ?/r? and

Ap =R —2R+ 2+ ¢, AV

2mg(wn — )2, B = A®. For certain mass black
hole, the radiation frequencies w_and chemical potential
u are the main factors to influence the density distribution
of axions. Moreover, the eigenvalues depended on the
angular momentum a and parameter w®. The Kerr-Sen
metric in string theory can be expressed as [26]

2 2 a? cos? §—dmr 2
ds® = T aT cos? #- 2 sinh” ‘-dt
r2+a? cos? +Yar sinh? 2 2 d
e T , ,
+(r? + o cos? § + 2mr sinh® §)df
grmracosh? 2 5in? 4
T et cod? 0+2mr sinh” 2 dtdsp

+{(r?+a®)(r?+a? cesi 8)+2imr sinh? §+dsmr (r?+a?) sinh? -+4m’r? sinh* 2}

2

X 1
1y
where
M = (1 +cosha)/2, J=ma(l+cosha)/2, Q =m/v2sinha,
and m” = GM — 2nGQ?*/M . To repeat the same derivation in
K-N metric we can get the similar radial equation

'+, AR+ jtm?  AD(R'+gReBY _
Tzt qufc*(ﬁf — RS TL RS ) e =0,

(12)

hereA® — = 2mq(w, —p)rl,eigenvalues BY) = x® have
the same expansion form with Eq.(8). Comparing this
equation with Eq.(10), we can see that the only difference is
the charge term @2, this means that the density distribution
law of axion is different on the K-N black hole background
and K-S black hole background. In next section, we will
apply these equations to study the axion’s gravitational
wave radiation process around the rotating black holes.

The axion’s gravitational wave radiation process

It is well-known that the entropy of the black hole is
proportional to its horizon area. In order to explain this
exotic feature, Bekenstein and Mukhanov proposed that
the area A of black hole horizons is quantized by units of
the Planck area [27,28]

A =aL’N = ahiGN, (13)

where « is a dimensionless coefficient for certain black
hole, and N is an integer. The value of a can be calculated
in the different methods. Bekenstein and Makhanov
obtained a analytic result @ = 4Inq for the Schwarschild
black hole through a statistical physical approach [29].
Forthermore, Hod get a value a = 4In3 from the real part
of the Quasinormal Modes (QNM) frequencies and Bohr’s
Correspondence Principle [30]. Kunstatter recalculated
this parameter by using the adiabatic invariant method
[31]. Maggionre pointed out that the QNM behavior is
similar to a damped harmonic oscillators and classical
frequencies relate to both real and complex parts of
QNM, so the coefficient should be modified as @ = 87 [32].
Vagenas studied the area spectrum of Kerr black hole [33]
and Medved found that when J<M ? the value a = 87 can
be derived from a general adiabatic invariant [34]. For
K-N and K-S black holes, if the ratio of charge and mass is
a small quantity, The correct formula in the sentence a = 8
T by using a similar adiabatic invariant.

Foit and Kleban calculated the radiated frequencies
of graviton for a quantum Kerr black hole [35], they
pointed out the Bekenstein-Makhanov hypothesis may
be tested from the QNM frequencies in the rings down
phase of binary merger. For Kerr-Newman black hole
or Kerr-Sen black hole, the change of the area AA are
accompanied by a change of quantum number n = -AN .
So according to the relationship A4 = 94/8M|;oAM +
OA/8T|aosT + dA/8Q| 1 s AQ, we separately obtain the
follow quantum frequencies
) _ 1 ) anm +8ﬂjr"nr (14)

67GM 14— —g 2L

y _ gy a2 s
o lﬁﬁlcw.an\f(l L= +87r3m] 15)
€ 14 "(1,1)2,3 771
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where AM = —hw,, AJ = —hm and i = =2 magnetic
quantum numbers. The radiated frequency of K-S black
hole have a similar form with K-N black hole and the
otherness only reflected in the g charge term.

When axion clouds absorb the radiated energy of
rotating black holes, the radiation frequencies can be
written as w, = i, (i = 1,2), where o = &y are
corresponding to the radiated frequencies of K-N and K-S
black holes, 7f > 1 or ¥ < 1 respectively describes the

normal state or superfluid state of axion matter [36].

Total particle number of axions can be rewritten in the
R coordinate.

Rz
AT 2 2 o2
N7, = 2 / |\ (R)[ R, (16)
R
. X . . .
where pff, = U.”,,,[R)l 1s particle number density, By = r. + 4, Hp >>
R, == 4, the total energy of different cnergy level can be expressed the
following form
n i -
E} = ma N (17)
when axions emit gravitational waves form high energy level to low energy
level, then the radiated frequencies of axion matter can be expressed by the
radio of the energy level difference and graviton number N, i.e.,
S0 AN
wy! = AEIN,, (18)

for certain gquantum number n, different kinds of axion vortex state f

iLm can
radiate different gravitational wave frequency.

Numerical Calculation Results

LIGO and VIGO collaboration have observed a series
of gravitational wave signals after the merger of two
black holes [37-41]. Their reports showed that the mass
of final black hole are between 20 874! times sun mass and
6277 times sun mass , and the spin of final black hole
are between 064739 and 0.747{ 5. So in order to get the
numerical solutions of Eq.(10) and Eq.(12), we choose the
physical parameters as follow: the mass of black hole is 30
times sun mass, the spin and charge are j = 0.720 and q =
0.697, meanwhile j* + g°~1, we take the mass of axion m,
= 10"%eV, so the gravitational wave absorbance coefficient
AY can be represented as

A = —2(1 = nP)wPrl,

a

(19)
)

where ¥ = ,u/wE) and the other parameter BY — X
are the eigenvalues of spin-weighted spheroidal functions.

Forthe K-N and K-S black hole, when ng) < 1 theaxions
are in the normal state, we let n&’ = 07 and take integral
interval from 1.6r. to 10%r., the particles number density
p(R) = ¢"¢, in different energy levels and without
vortex excitation, are shown in Figure 1 and Figure 2. So
it is obviously to see that particles number density will
decrease when energy levels from n = 1 change into n = 6,
this means that the spontaneous transition process cannot
occur in the axion’s normal state. Moreover, the calculation
results showed that the densities are smooth decay outside

0.00001 |

a0}, ; E

Figure 1 In the normal state, the axion number densities around K-N black hole
with different energy level

Figure 2 In the normal state, the axion number densities around K-S black hole
with different energy level

the horizon and axions can form bound states around K-N
and K-S black holes.

When #i’ > 1 axions are in the superfluid state and
they will emerge vortex distribution. Let us take 78’ = 27
to calculate particle number density P in the different
energy levels and different vortex states. We choose the
quantumnumber /=1, m=0to compare the particle number
densities in the different energy levels, the calculation
results are shown in Figure 3 and Figure 4. When the
vortex quantum numbers are the same, then high energy
level correspond to more particles, and spontaneous
transition process can happen. Superfluid axions can also
form bound state around K-N and K-S black holes, it is
worth mentioning that the superfluid axion’s numbers are
far more then the normal state axion’s numbers.

For the K-S black hole, the radial equation of axion
wave function has the similar form with K-N black hole,
but the charge term is different, this difference lead to the
change of axion density, so the axion’s densities around
K-N black hole are larger than the axion’s densities around
K-S black hole.
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o y T Table 1 The total energy (107%Mg) of axions around K-N

s ; black hole with the different energy level and vortex state.
DU Er, n=1 n=2 n=3 n=4 n=5 10=6
\\ EYy 5136 5208 5.29  5.382 5483  5.596

aow D ol El'y, 4025 4022 4023 4027 4.036 4.049
= E3q 1276 1.237 1.2 1.166  1.135  1.106

™ By 1271 1232 1195 1161 113 1.101

aoas| N E},, 1242 1202 1165 1.13  1.098 1.069
E}o 0429 0405 0383 0362 0344 0.325

Ey., 0428 0403 0382 0362 0342 0.325

a0 EY .o 0427 0.399 0.38 0.359  0.341  0.322
Eyis 0421 0397 0372 0353  0.335  0.319

005 -

Figure 3 In the superfluid state, the axion number densities around K-N black
hole with same vortex number but different energy level.

0.8 |

Figure 4 In the superfluid state, the axion number densities around K-S black
hole with same vortex number but different energy level.

When #{’ = 27 we can calculate the total energy of
axions on each excitation state, here energy level
distribution are n = 1 to n = 6 and vortex quantum number
distribution are [ = 1 to [ = 3, the calculation results are
shown in Table 1 and Table 2. The unit of energy is 103
times of the moon mass ., the magnitude of total particle
number close to 10, this number will determined by the
mass of the axion. The energy of high energy level with low
vortex states are more then the energy of low energy level
with high vortex state (E{, > Ei, and E{ ., > E}.,.) which means
that the spontaneous transition process can just happen at
the low vortex states. In addition, the total energy of axions
around the K-N black hole is greater then the total energy
of axions around the K-S black hole.

Arvanitaki et.al studied the energy spectrum of the
superradiant axion cloud around the rotating black hole[9],
they found the quantized energy levels are very similar
to the energy levels of a hydrogen atom. Accordingto the
discussion of Arvanitaki etal, the superradiant energy
level of axions can be expressed as

Table 2 The total energy (1073 Mz) of axions around K-S
black hole with the different energy level and vortex state.

Ef:“m n=1 n=2 n=3 n=4 n=s n=~6
Elg 2373 2202 2202 2362 2.501 2717
Eryy 1997 1817 1698 1.622 1.576  1.554
Efg 0752 059 048  0.409 0355  0.316
Er,, 0749 0588 0481 0406 0.353 0.313
EY.i, 0736 0574 0466 0392  0.337  0.297
EYo 0288 0198 0.142 0.107 0.083  0.067
EY., 0286 0196 0.14  0.107 0.083 0.067
EFyo 0287 0192 0.4  0.105  0.082  0.066
EY.; 0282 0194 0138 0102 0.08 0.063
0,2
En=ma(l - 557), (20)

where, a =m r, N=n + 1+ 1is the principal quantum
number, [ is is the orbital angular momentum, so the
difference between two different energy levels represents
the radiation frequency of the axions, that is

‘ =

m, 1
=G G~ xg)

N N (21)

b

Inorderto calculate the frequencies of emitted gravitons
from 6g to 5g state, we take principal quantum number as
N,=5N,=6,whena=1,wehave w; =~ 0.012m, ~ 9.28Hz,
when a = 2, then we get w; =~ 0.048m, ~ 37.14Hz, these
frequencies of emitted gravitons close to the low frequency
part of our following calculation results. Now we can
calculate the gravitational wave radiation frequency of
the superfluid axions. In general case, the spontaneous
transition process will accompany with the emission of
gravitational wave, thus the particle number function r,
is defined as

A 2
., = /R |/ (R)|” RdR, (22)

the gravitational wave radiation frequencies in the
different black hole background can be expressed as

ma* AN, mar2mro«AF]

N, N,

a0 —

(23)

where AF: are the particle number difference
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of different energy levels and vortex states, N, —er? is
the number of emitted gravitons, € is a dimension less
constant. Here, the transition energy AE ~m,AF  has
been converted into the gravitational wave radiation
energy E,= N, the numerical calculation results
show that particle number difference afy, < 107. When
we take £= 108 from Eq.(23) we can get the radiation
frequency relation @ < 0.628m,, so the frequencies of the
gravitational wave be calculated by energy level difference
(21) is also within the range of this radiation frequency. In
the following calculation we will take n¥) = 27, then the
axion radiation frequencies from n = 6 to n = 1 are shown
in Table 3 and Table 4. When n@ is certain, we can see that
the radiation frequencies in high vortex numbers are more
than the radiation frequencies in low vortex numbers,
the particle numbers around K-N black hole background
are more than they around K-S black hole background.
In addition, the axion’s radiation frequencies on the K-S
black hole background are less than the axion’s radiation
frequencies on the K-N black hole background.

When % changes, from Table 5 and Table 6, it is easy
to see that the gravitational wave radiation frequencies
increase withs’increase. If 7y takes 2.6 to 2.8, every
radiation frequency of axions on the K-N black hole
background is more than that on the K-S black hole
background.If 7¥’ takes 2.9 to 3.2, every radiation frequency
of axions on the K-N black hole background is less than
that on the K-S black hole background. So the change of £’
will have an important impact to the radiation frequencies

Table 3 The axion’s radiation frequencies from different en-
ergy level and vortex state on the K-N black hole background.

F;j:l:m n=>6 Flg.l:l:m n=1 AF Q’(ln (Hz)
FPy 3290054 Fi, 3019496 270558 25.826
Ff, 3290054 Fly, 2366692 923362 88.139
FPo 3200054  Fzp 750478 2539576 242.413
FPo 3200054 [y, 747547 2542507  242.693
FPy 3200054 Fp 4, 730207 2559757  244.339
Fiy 3200054  Fio 252149 3037905  289.98
FPo 3290054 F3, 251879 3038175  290.006
Ffy 3290054 Fj,. 251226 3038828  290.069
FPo 3200054 Fiis 247661 3042393  290.409

Table 4 The axion’s radiation frequencies from different en-
ergy level and vortex state on the K-S black hole background.

F',, n=6 F, 1=l AF o (Hz)
FTGO1597638  FY, 1394932 202706 19.3491
FPo 1597638 Fily, 1174371 423267  40.4026
FF, 1597638 Fi, 441983 1155655  110.312
FS, 1597638 Fl,, 440618 1157020  110.442
Fly 1597638 FJ ., 4325564 1165084  111.212
Ff, 1597638 Fi, 169534 1428104  136.318
Ffo 1597638 Fi,, 168433 1429205  136.432
Fiy 1597638 Fji. 168534 1429104  136.414
Ff, 1597638 FJ., 165636 1432002  136.69

Table 5 The influence of :7,(11) to the radiation fre-
quencies of axion on the K-N black hole background.

ne? FP, Fly AF @iV (Hz)
26 3128027 2940137 187800 17.9349
27 3200054 3019496 270558 25.8259
2.8 3498014 3129125 369789 35.2079
29 3763385 3271348 492037 46.9669
3.0 4096564 3450013 646551 61.7159
3.1 4518444 3670857 847587 80.9057
32 5060500 3942139 1118361 106.752

Table 6 The influence of 17,(11) to the radiation fre-

quencies of axion on the K-S black hole background.

) PPy Flo AF o (Hz)
2.6 1503201 1431475 71816 6.8551
2.7 1597638 1394932 202706 19.3491
28 1719720 1368968 350752 33.4807
20 1876020 1352197 523832 50.0019
3.0 2076448 1343613 732835 69.9521
3.1 2336525 1342510 994015 94.8828
3.2 2682047 1348403 1333644 127.302

of the gravitational wave. Since the supermassive black
hole merge process can also emit the low frequency
gravitational wave signal, Will et.al suggested that use
the LISA detector to observe the ringdown waveform of
massive black holes merge [42].

CONCLUSIONS AND DISCUSSION

The combined process of black holes can radiate
gravitational waves, when this merger of two-black holes is
finished, the area of the black hole will decrease, the mass
and angular momentum will also decrease. Moreover,
the energy of gravitational wave will be absorbed by the
axion matter around the black holes, these axions can form
in different energy levels and vortex states. In this paper
we studied the axion number distributed law on the Kerr-
Newman and Kerr-Sen black hole background. At the same
time, we also calculated the gravitational wave radiation
frequencies and found the following fact:

(1) In the normal state or superfluid state, the axions
densities are decay outside the horizon and axions can
form bound states around K-N black holes or K-S black
holes.

(2) In the normal state, the spontaneous transition
process cannot be occur, but in the superfluid state the
spontaneous transition can happen.

(3) We found that the total energy of axions on the K-N
black hole background is greater than the total energy
of axions on the K-S black hole background, the axion
spontaneous transition process can happen at the low
vortex states.

(4) We separately calculated the gravitational wave

J Phys Appl and Mech 2(1): 1010 (2025)
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radiation frequencies of axions around two types of black
holes, if the nf) parameters are certain, the calculation
results showed that the axion’s frequencies on the K-S
black hole background are less than the axion’s frequencies
on the K-N black hole background. The magnitude of these
frequencies is about 5Hz to 300Hz. Moreover, the change of
78’ parameters will bring a obvious impact to the radiation
frequency. When the radiation process of superfiuld
axions is completed, the numbers of particle will be greatly
reduced. This may occur the phase transition from the
superfiuld state to the normal state, the gravitational
waves radiation of the axions will stop with the phase
transition to finish.

We hope that the results of this study may provide an
alternative physical mechanism to explain the gravitational
wave radiation of the axions.
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